gave a criterion of hypercyclicity in the case G = Z . Under mild assumptions, we present a corresponding characterization for a general locally compact group G. Our results are obtained in a more general setting when the translations only by a subset S ⊂ G are considered.
Introduction
Let G be a locally compact group with identity e and a left Haar measure µ. Fix p, 1 p < ∞, and a weight ω, that is, a measurable strictly positive function on G supposed to be locally p-summable.
Consider the weighted space L p (G, ω) = {f : G |f ω| p dµ < ∞} of complex-valued functions on G. In this paper the following question is addressed. Can all functions in L p (G, ω) be approximated arbitrarily well by the left translates of some single function f ∈ L p (G, ω)? The same question can be asked if we allow to translate f only by elements of a fixed subset S ⊂ G.
To be more precise, let S be a subset of G, and suppose that, for any s ∈ S, the (left) translation operator (T s f )(t) = f (s −1 t), t ∈ G is continuous from L p (G, ω) into itself. A function f ∈ L p (G, ω) is called S-dense if its S-orbit Orb S (f ) = {T s f : s ∈ S} is dense in L p (G, ω). So, we are interested in the existence of S-dense vectors in the space L p (G, ω). S-density is a particular case of a more general situation, known as the universality phenomenon, see a survey of K.-G. Grosse-Erdmann [8] . One of the first examples in this area was given in 1929 by G. D. Birkhoff (see [8] ): there exists an entire function f whose translates are dense in the space H(C) of entire functions. In the case when S is the semigroup generated by one element s ∈ G, S-density is equivalent to the hypercyclicity of the operator T s , which means that there exists a single vector x such that the sequence (T n s x) n∈N is dense. If S is a sub-semigroup or a subgroup of G, S-density means in other terms that the action of S by translations on the space L p (G, ω) admits a hypercyclic vector. On a non-weighted L p -space, the translation operators are isometric and therefore cannot have hypercyclic vectors. In the weighted case hypercyclicity can occur, depending on the weight; moreover, the conditions on weight are as a rule explicit and not difficult to calculate. This problem was considered by many authors. The characterisation in the discrete case G = Z, S = Z + was obtained by H. Salas in 1995 [10] . In 1997, W. Desch, W. Schappacher, and G. Webb [5] characterized the hypercyclicity of the C 0 -semigroup of translations by S = R + , with G = R. The dynamics of the translation C 0 -semigroup indexed by a sector of the complex plane was considered by J. A. Conejero and A. Peris [2] . Ch.-Ch. Chen [1] characterized the hypercyclicity of a single translation operator (when S is the semigroup generated by an element of G) for locally compact groups.
In the present paper, we do not suppose that the set S has any algebraic structure: it can be an arbitrary subset of G. We denote by Σ the class of non-compact second countable locally compact groups. For a locally compact group G, we show that G ∈ Σ if and only if for some weight ω on G and for some S ⊂ G there exist S-dense functions.
The main result of the paper is Theorem 5, which provides a necessary and sufficient condition for the existence of S-dense functions in L p (G, ω). To avoid technical details, we formulate here this condition in the case when G is discrete:
Corollary 6. Let G be an infinite countable discrete group, and let S ⊂ G. Let ω be a weight on G. There is an S-dense vector in L p (G, ω) if and only if for every increasing sequence (F n ) n 1 of finite subsets of G, there exists a sequence (s n ) n 1 ⊂ S such that the sets s −1 n F n are pairwise disjoint and, setting s 0 = e, F 0 = ∅, n,k:n =k sns
If we suppose that S generates a commutative subgroup of G (which is not necessarily discrete), the criterion is straightforward:
Theorem 10. Let G ∈ Σ, and let S ⊂ G generate an abelian subgroup in G. Let ω be a weight on G. There is an S-dense vector in L p (G, ω) if and only if for every compact set F ⊂ G and any given δ > 0, there exist s ∈ S and a compact E ⊂ F such that µ(F \ E) < δ and ess sup
Note that if, in addition, G is discrete, compact subsets of G are just finite, and E = F in this condition.
Our theorems generalize the results [5] , [10] , [1] mentioned above.
Notations and assumptions on the group
Recall that we consider the weighted space
contains all measurable compactly supported bounded functions. For a set K ⊂ G, denote by I K the characteristic function of K. For a measurable function f , denote
The Haar measure is denoted by µ, but we will also use the notations |A| ≡ µ(A) for A ⊂ G and
For s ∈ G, one has the following expression for the norm of the translation operator:
We say that a weight ω is S-admissible if T s < +∞ for all s ∈ S. Let Σ be the class of non-compact second countable locally compact groups. Note that every group in Σ is σ-compact, that is, represented as a countable union of compact sets (to see this, pick an open compactly generated subgroup H ⊂ G, which is a fortiori σ-compact; G being second countable, [G : H] is necessarily countable, so finally G is σ-compact). In this section we show that G must be in Σ to admit S-dense vectors for some S ⊂ G and some weight ω.
In the statements 1-3 it is supposed that § ⊂ G and the weight ω is S-admissible. Our first claim is that G can't be compact. In the following lemma we prove a bit more, and it is exactly this result that we use below in the proof of Theorem 5. Lemma 1. Let x be an S-dense vector in L p (G, ω) for some S, p, ω, and let K ⊂ G be a compact set. Then for every ε > 0, λ ∈ R and every compact set L ⊂ G there is s ∈ S\L such that λI K − s x p,ω < ε.
Proof. We can scale the Haar measure if necessary to have µ(K) = 1. Increasing L if necessary, we can suppose that L = L −1 . Suppose the contrary: that is,
Since LK is also compact, its measure is finite. Pick N ∈ N with N > 2µ(LK). Set λ j = λ+ j ε/(2N ), j = 0, . . . , N and pick δ > 0 such that δ < ε p /(4N ) p and δ/C p < ε.
It follows that
This contradiction proves the lemma.
Proof. We use then the fact that G is second countable if and only if L p (G) is separable [4, Theorem 2], and the same is valid for
There exists N α ∈ N such that ω Nα ω p | sα x| p < 1/2. Since the set of α is uncountable, there is a single N ∈ N such that the set A = {α : N α = N } is uncountable. For every α, β ∈ A, we have
But this contradicts the fact that the G-orbit of any function in the non-weighted L p (G) is separable [11] : pick γ ∈ A and set y = (1) G is in the class Σ (non-compact second countable); (2) for every subset S ⊂ G with non-compact closure there is an S-admissible weight ω such that L p (G, ω) contains S-dense vectors, for all (or some) p 1; (3) there is a weight ω for which all left and right translations are bounded and such that L p (G, ω) contains G-dense functions for all (or some) p 1.
The implication (1) ⇒ (3) is proved in the beginning of Section 5 (and (3) ⇒ (2) is obvious).
Density criterion
In the most general case, the criterion has the following form. Below we give similar conditions in several particular cases. Recall that in every statement we assume that T s is a bounded operator on
Theorem 5. Let G ∈ Σ, and let S ⊂ G. Let ω be an S-admissible weight on G. There is an S-dense vector in L p (G, ω) if and only if for every increasing sequence (F n ) n 1 of compact subsets of G and any given δ n > 0, there exists a sequence (s n ) n 1 ⊂ S and compact sets K n ⊂ F n such that the sets s −1 n F n are pairwise disjoint, |F n \ K n | < δ n and, setting s 0 = e, K 0 = ∅, (2)
Proof. ✍✌ ✎☞ ⇒ : We set s 0 = e and K 0 = ∅. Decreasing δ k if necessary, we can assume that
and so
By regularity of the Haar measure, there is a compact set
Since the norm of y is finite, we have:
By the choice of s n , we have
By the choice of δ n we have n δ n < ∞, so we get immediately (2) .
such that every Q n is compactly supported and essentially bounded. Arrange them with repetitions in a sequence (P n ) ∞ n=1 so that every Q n appears infinitely many times in this sequence.
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We will seek for X "almost" of the form k T s −1 k P k , with s n ∈ S chosen so that the series converges and sn X − P n p,ω < ε n for every n, with some ε n → 0. This guarantees that X is S-dense. Denote F n = supp P n and set p n = P n p ∞ . Pick a decreasing sequence (δ n ) such that 0 < δ n < p −1 n 2 −n . Choose s n , K n according to (2) . Set
Choose a subsequence (a l k ), with l 0 = 0, such that p k a l k < ∞ and P l k = P k for every k. By the choice of (P k ), this is always possible. Set t n = s ln and E k = K l k , then the following series converges:
In particular, the sets t −1 n E n are pairwise disjoint, and
for n 1. We can still assume that t 0 = e, E 0 = ∅. Set
This series converges, since (note that the support of T t
Now, for every n
since again the supports of the summands in (5) are pairwise disjoint:
and for k = n,
By (4), n ε n < ∞, so ε n → 0. Thus, we have
with ε n → 0, which proves that X is S-dense.
Corollary 6. Let G be an infinite countable discrete group, and let S ⊂ G. Let ω be an S-admissible weight on G. There is an S-dense vector in L p (G, ω) if and only if for every increasing sequence (F n ) n 1 of finite subsets of G, there exists a sequence (s n ) n 1 ⊂ S such that the sets s −1 n F n are pairwise disjoint and, setting s 0 = e, F 0 = ∅,
Remark 7. It is enough to check the conditions of Theorem 5 for an increasing sequence (F n ) of compact sets such that G = ∪ n F n . Indeed, for another sequence (F k ) one can choose n k so that F k ⊂ F n k , and the rest is obvious.
Simplifications of conditions
Theorem 8. Let G ∈ Σ, and let S ⊂ G. Let ω be an S-admissible weight on G. If for every compact set K ⊂ G of positive measure and every ε, δ > 0 there exist s ∈ S and compact E ⊂ K such that |K \ E| < δ and (8) ess sup
Proof. Let us show first that under the assumptions above, s can be chosen outside of a given compact set L. Suppose the contrary: that (8) does not hold for any s / ∈ L. We can assume that δ 1 = |K| − δ > 0. Choose a compact set E 0 and s 0 ∈ S so that |K \ E 0 | < δ and (8) holds for E = E 0 , s = s 0 . In particular, |E 0 | > |K| − δ = δ 1 . There is a compact subset
Next choose by induction compact sets E n , K n and s n ∈ S, n 1, so that |K n \ E n | < δ 1 /9 n , ess sup snEn ∪ s
n and ε n+1 = ess inf{ω(t) : t ∈ s n K n+1 ∪s
n > |E n−1 | − 2δ 1 /9 n , which implies
n . As a consequence,
and for every n,
whence it follows that
which is impossible since LE ∪ L −1 E is compact. This contradiction shows that s can be chosen outside L. Now let us show that the assumptions of the theorem imply the assumptions of Theorem 5. Let (F n ) be an increasing sequence of compact sets and (δ n ) a sequence of positive numbers. We can assume that δ 1 < 1/2 and δ n+1 < δ n /2 for all n, in particular δ n < 2 −n . Choose firstly sequences E ′ n ⊂ G, s n ∈ S by induction. Set E ′ 0 = ∅, s 0 = e; for n 1, set
for n 1. Then, since F n ⊂ K n and for k > n s
The sets s −1 n F n are pairwise disjoint; for k < n we have E k ⊂ s k E ′ n by (9), which implies s
Finally, the assumptions of Theorem 5 are satisfied with E n in place of K n .
Corollary 9. Let G ∈ Σ, and let S ⊂ G. Let ω be an S-admissible weight on G. If for every compact set K ⊂ G of positive measure
In general, this condition is not necessary, see Example 15. But if S generates an abelian subgroup, this is the case: Theorem 10. Suppose that G ∈ Σ, and let S ⊂ G generate an abelian subgroup. Let ω be an S-admissible weight on G. The following conditions are equivalent:
3) For every compact set F ⊂ G and any given δ > 0, there exist s ∈ S and a compact E ⊂ F such that |F \ E| < δ and (11) ess sup
(4) For some p, 1 p < ∞, the following condition holds: For every compact set F ⊂ G and any given δ > 0, there exist s ∈ S and a compact E ⊂ F such that |F \ E| < δ and (12) ω p,sE∪s −1 E < δ.
(5) For every 1 p < ∞, the assumptions of (4) above hold.
Proof. (4)⇒(3) is an easy exercise, (3)⇒(1) was shown in Theorem 8 without the commutativity assumption; (1)⇒(2) and (5) ⇒ (4) are obvious. It remains to prove (2)⇒(5). If there is an S-dense vector in L p (G, ω), then for F n = F and δ n = 2 −n , n 1, there exist s n ∈ S, E n ⊂ F with s 0 = e, E 0 = ∅ such that |F \ E n | < δ n and n,k:n =k ω p p,sns
It follows (by considering the subseries with n = 0) that ω p p,s
Pick now n > k such that ω p,s −1 n En < δ/2 and ω p,snE k < δ/2. Set E = E k ∩ E n , s = s n , then |F \ E| < δ k + δ n < δ and ω p,sE∪s
The following case is quite particular and is meaningful especially in the abelian case, see Corollary 13.
Remark 11. If ω is locally summable and
for all g ∈ G, then ω is equivalent to a continuous weight [7, Satz 2.7] . Since (13) holds or does not hold simlutaneously for ω p for all 1 p < ∞, we have the same conclusion if ω is locally p-summable and satisfies (13). Hence in the following statement we can assume, without loss of generality, that ω is continuous.
Proposition 12. Let G ∈ Σ, and suppose that the weight ω is continuous and such that for all g ∈ G,
Then for any S ⊂ G, the following conditions are equivalent:
Proof. Obviously (15)⇒(16). Let us prove the inverse implication. Let K be a compact set; we can assume that K = K −1 . It is proved in a rather general situation in [6, Proposition 1.16 ] that L and R are locally bounded (provided they are finite). There exists thus a constant C such that L| K C and R| K C. Now for every s ∈ G,
In the same way we get the inequality sup s −1 K ω Cω(s −1 ), thus (15) and (16) are equivalent. Since they both imply (10), they imply also the assumption (2) of Theorem 5 and the existence of S-dense vectors in L p (G, ω). Suppose now that there exist S-dense vectors in L p (G, ω). Pick a compact set F of positive measure and set F n = F for all n ∈ N. Choose s n ∈ S and K n ⊂ F so that (2) holds. By setting δ n = |F |/4, we can guarantee that |K n ∩ K 1 | > |F |/2 for all n 1. From (2) it follows, in particular, that lim n→∞ ω p p,sns
which implies ω(s n ) → 0, n → ∞. At the same time,
n ) → 0, n → ∞, and this implies (16).
In the case when G is abelian our conditions take an especially simple form:
Corollary 13. Let G ∈ Σ be abelian, 1 p < ∞, and let ω be a continuous G-admissible weight. 
Examples and counter-examples
First we show that every group G ∈ Σ admits a weight with G-dense vectors; this completes the proof of Theorem 4.
Proof. Let U = U −1 be a neighbourhood of identity with compact closure and let G 1 be the subgroup generated by U . Pick g n ∈ G, n ∈ N, such that G = ∪ n (g n G 1 ); this is possible since G is σ-compact. Set U 1 = U and for n > 1 set by induction
In particular, we have U n ⊂ U n and G = ∪ n U n . By construction, U j U k ⊂ U j+k for all j, k. Every U n has compact closure, so we can choose s n ∈ S, n ∈ N, so that
We have thus ω(s n ) = ω(s
−n and ω(t) 1 for all t ∈ G. Let t be in U j . If s / ∈ ∪ n V n,n , then st / ∈ ∪ n; k n−j−1 V n,k and ω(st) 2 −j . This implies
Similarly 2 −j ω(ts)/ω(s) 2 j , and we see that these inequalities hold for all s ∈ G, t ∈ U . It follows that in the notations of (14), L(t) < +∞, R(t) < +∞ for all t ∈ U j , and since G = ∪ j U j , this is true for all t ∈ G. By construction, the condition (16) holds, so we can conclude that L p (G, ω) contains an S-dense vector.
Let F 2 be the free discrete group of two generators a and b. Example 14. There exists an F 2 -admissible weight on F 2 which satisfies the condition (16) but does not admit F 2 -dense vectors.
Set U = {e, a, b, a −1 , b −1 }, then G = ∪ n U n . Set n k = 2 2 k , k = 1, 2, . . . . Define the weight ω as follows: ω(a ±n k ) = 2 −k , ω(t) = 2 j−k if t ∈ (U j \ U j−1 ) a ±n k , 1 j k, and 1 elsewhere. In particular, ω| U = 1.
For α ∈ {a, b, a −1 , b −1 }, denote by F α the set of reduced words in F 2 which end by α. Note that U k a ±n k ⊂ F a ∪ F a −1 for all k (since every word in U k has length at most k < n k ). It follows that ω ≡ 1 on F b ∪ F b −1 .
Obviously ω(sg) 2ω(g) for s ∈ U and for all g ∈ F 2 . It follows that ω is of moderate growth in the sense of Edwards [6] , that is, T g < ∞ for all g ∈ F 2 . Also, inf g max(ω(g), ω(g −1 )) inf k max(ω(a n k ), ω(a −n k )) = 0. Suppose now that there is a F 2 -dense vector x ∈ L p (G, ω). For every 0 < ε < 1/2, there exists g ∈ F 2 such that I U − g x p,ω < ε. This implies that |x(g −1 t) − 1|ω(t) < ε for t = e, b. It follows that |x(t)| > 1/2 for t = g −1 and t = g −1 b. By Lemma 1, for the same ε there is h ∈ F 2 \(U g ∪U b −1 g) such that h x − I U p,ω < ε. This implies that |x(h −1 t)| ω(t) < ε for t / ∈ U . In particular, setting t = hg −1 we get: |x(h −1 hg −1 )| ω(hg −1 ) = |x(g −1 )| ω(hg −1 ) < ε which implies ω(hg −1 ) < 2ε < 1; setting t = hg −1 b, we infer that ω(hg −1 b) < 1. By construction of ω, this implies that hg −1 , hg −1 b / ∈ F b ∪F b −1 , which is impossible. This contradiction proves that there are no F 2 -dense vectors.
Example 15. There exists an S-admissible weight on G = F 2 which admits S-dense vectors in L p (G, ω) for some semigroup S but does not satisfy the sufficient condition (10).
Set U = {e, a, b, a −1 , b −1 }, then G = ∪ n U n . Set n k = 2
